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The period of two-dimensional modulation in Ca2CoSi2O7

varies with temperature (q = 0.285±1/3). The change in the

modulated structure with the variation of q has been clari®ed

by the construction of the structures using various q values

and the modulation amplitudes determined at 293 K [q =

0.2913 (1), tetragonal]. The features of the modulated

structures are characterized by the formation of CaO6

polyhedra and the variable distribution of bundles along the

c-axis, composed of four arrays of CaO6 polyhedra and an

array of CoO4 tetrahedra. The formation of octagonal

arrangements of the bundles is a typical feature of the

structures in the incommensurate phase. Large-scale regula-

rities with sizes much larger than the modulation wavelength

are also formed in the structures.
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1. Introduction

The incommensurate modulation of the structure of synthetic

aÊkermanite (Ca2MgSi2O7: a member of the melilite group)

and a transition to the non-modulated high-temperature phase

were discovered independently by Hemingway et al. (1986)

and Seifert et al. (1987). The latter reported that the modu-

lation wavelength decreases as temperature falls. The modu-

lation wavelength also decreases with an increase in Fe

content at the Mg sites. The incommensurate phase was also

found in natural melilites (Bindi, Bonazzi et al., 2001; Bindi,

Czank et al., 2001).

Hagiya et al. (1992, 1993) determined the incommensurate

structure in synthetic Ca2CoSi2O7 at 293 K by the treatment of

X-ray diffraction data in (3 + 2)-dimensional space. The space

group is P
P�421m
p4mg . The structure determination clari®ed that the

CaÐO bond lengths vary widely in the structure and thus the

coordination number of Ca varies from six to eight. The

variation in the coordination number of Ca was commonly

found in the other melilites (Kusaka et al., 1998, 2001; Kusaka,

1999; Bindi, Bonazzi et al., 2001). They also reported that

bundles along the c-axis composed of four arrays of the six-

coordinated CaÐO polyhedra (CaO6 array) and a central

array of CoO4 tetrahedra are formed in the structure together

with octagonal arrangements of the bundles (to be denoted as

`octagons') as the typical feature of the structure.

The phase transition of incommensurate Ca2CoSi2O7 to a

low-temperature phase has been described by Riester &

BoÈ hm (1997) and Kusaka (1999). Two structures, P�4 (Riester

et al., 2000) and P21212 (Hagiya et al., 2001), have been

reported as the low-temperature phase. Kusaka (1999) indi-

cated that the q value (the magnitude of the primary wave-

vectors of the modulation waves) varies gradually with

temperature changes and the variation is observable in the

whole stability range of the incommensurate phase.
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The variation of q caused by temperature changes has been

observed in many studies, as described above. Investigations

into the structure change induced by this phenomenon are

very important to clarify the following crystal-chemical

problems: how the variation of the structure occurs by a

change in q and what the common features in the structures

with different q values are. The present studies have conse-

quently been undertaken to clarify these problems by

constructing the structures with various q values using the

modulation amplitudes of atoms determined at 293 K.

2. Method of the construction of the modulated
structures

For the construction of the modulated structures we assumed

that the modulation of the structure in the higher-dimensional

space stays unchanged through temperature variation, but

that a systematic phase change of the modulation waves is

induced by the variation of q; that is, the phase change is

expressed as the deformation of the (3 + 2)-dimensional cell.

The assumption is based on the following observations:

(i) no distinct change in the intensity distribution of the

satellites in reciprocal space was detected through observa-

tions at different temperatures;

(ii) the higher harmonics of the satellite re¯ections were

detected even at low temperature only on X-ray photographs

exposed for very long times.

We then developed a computer program (K. Hagiya & K.

Kusaka, unpublished) to calculate and plot the three-dimen-

sional coordinates of the atoms in (3 + 2)-dimensional space

using the following formulae (Hagiya et al., 2001)1

xj � n� xj � uj; �1�

where xj is the position vector of atom j, n a lattice vector of

the basic cell, xj a position vector in the unit cell of the basic

structure and uj is a displacement vector. The magnitudes

uij(T) (i = 1, 2, 3 corresponding to x, y, z) at temperature T are

given as

uij�T� ' �jF�T�j=jF�T0�j�
X

m

X
n

�Amn
ij �T0� cos 2��mt1 � nt2�

� Bmn
ij �T0� sin 2��mt1 � nt2��; �2�

where Amn
ij T0� � and Bmn

ij T0� � are Fourier amplitudes of the

modulation at T0 ( = 293 K in the present case), and m and n

are the indices of the satellite re¯ections. The parameters t1
and t2 are the internal phases of the modulation at the atomic

Table 1
Lists of the input data and the process of the program for construction of
modulated structures.

Input data for computation
(i) Atomic coordinates of the independent atoms in the basic

structure determined at T0

(ii) The modulation amplitudes determined at T0

(iii) The cell parameters of the basic cell
(iv) The symmetry generators in (3 + 2)-dimensional space
(v) The q value of the structure at the desired temperature
(vi) The ratio of |F(T)|/|F(T0)|
(vii) The initial phase of the modulation
(viii) The area to be constructed

Process of the computation
(i) Calculations of the coordinates of the atoms in three-

dimensional space using eqns (1) and (2) and the symmetry
generators

(ii) Evaluation of all CaÐO distances in the area to be drawn
(iii) Drawing of the outlines of the polyhedra (their forms are

pentagons) around Ca atoms and plotting of the Ca atoms
with dots. The drawing is a projection along the c axis

(iv) Shading of the pentagons corresponding to the six-
coordinated CaÐO polyhedra. The criteria assigning these
polyhedra are described in the text

Figure 1
(a) The incommensurate structure of Ca2CoSi2O7 determined at 468 K
(q = 0.289). (b) The structure constructed with q = 0.289 and the
amplitudes determined at 293 K. Both structures are constructed with
t0
1 � 0 and t0

2 � 0. Triangles denote SiO4 tetrahedra, squares CoO4

tetrahedra and pentagons CaÐO polyhedra. Dots indicate Ca sites.
Shaded pentagons correspond to the arrays of the CaO6 polyhedra. The
larger square in the upper-left part indicates the basic tetragonal cell [a =
7.8563 (4), c = 5.0294 (3) AÊ ] with the origin at the �4 axis.

1 The same expressions as used in x3 of Hagiya et al. (2001) are inappropriate.
They should be written with T rather than q, and t1 and t2 should be written
with their initial phases t0

1 and t0
2 .



position n� xj with the initial phases t0
1 and t0

2:

t1 � k1 � �n� xj� � t0
1 and t2 � k2 � �n� xj� � t0

2.

k1 = q(a* + b*) and k2 = q(±a* + b*), where a* and b* are the

base vectors of the reciprocal basic cell. The input data for the

constructions and the process in the program are brie¯y listed

in Table 1. The applicability of the above formulae was

ascertained by the structure analyses at 468 K [q = 0.289 (4);

Kusaka et al., 2001] and 170 K (q = 1/3; Hagiya et al., 2001).

Fig. 1 indicates the agreement between the structure deter-

mined with the diffraction data at 468 K and that constructed

with the above formulae. Since a characteristic feature of the

incommensurate structure is the formation of

CaO6 polyhedra (Hagiya et al., 1993), a routine to

assign those polyhedra was added in the program

by which the CaO6 polyhedra are selected from

the rest using threshold distances. The threshold

values were determined from the tables of CaÐO

distances published by Smyth & Bish (1988).

3. Constructed structures with various q

A total of 101 structures of the incommensurate

phase with q values from 0.27 to 0.32 and with

intervals of 0.0005 were constructed for the survey

of the crystal-chemical features of the modulated

structures. The above range covers the observed q

values of the material (between 0.285 and 0.310).

The area of the construction is a square

100a � 100a (' 784 � 784 AÊ 2), where a is the

length of the a-axis of the basic cell.

jF�T�j=jF�T0�j was ®xed to 1. Each of the initial phases t0
1 and

t0
2 was varied from 0.0 to 0.9 with an increment of 0.1. Many

rational numbers (q = N/M, with rather small M) are

contained in the above range and some of those initial phases

do not give the structures which are appropriate to obtain the

averaged features: for q = 3/10, those initial phases give the

same structures. Consequently, the enumeration for four

(11/40, 7/25, 23/80 and 3/10) rational q values was made in the

independent range indicated in Table 2.

The Ca atoms in the structures of the non-modulated high-

temperature phase have a coordination number of eight. The

most prominent differ-

ences of the structural

features in incommensu-

rate and commensurate

structures from those in

the non-modulated struc-

ture are the generation of

the CaO6 arrays along the

c axis and the formation of

the bundles of the CaO6

arrays. Thus, variations in

the numbers of CaO6

arrays and bundles were

enumerated in the struc-

tures with different q

values by summing up

those numbers in

100a � 100a squares of

the structures constructed

with 100 different initial

phases. Then the total

sums are divided by 100,

which is the number of

different initial phases.

The results are depicted in

Fig. 2. The values indi-

cated in Fig. 2 are there-
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Table 2
Relation between initial phases (t0

1, t0
2) and possible space groups of the commensurate

structure with q = N/M.

Structures with the other arbitrary initial phases have lower symmetry (P1). Independent
ranges to enumerate CaO6 arrays and bundles are also given.

M Even
Cell parameter Ma/21=2

t0
1 � n1/M � (2n1 + 1)/2M = (2n1 + 1)/2M 6� (2n1 + 1)/2M

t0
2 � n2/M � (2n2 + 1)/2M 6� (2n2 + 1)/2M � (2n2 + 1)/2M

Space group P�4 Pba2 Pa Pa
Independent ranges 0 � t0

1 < 1/M and 0 � t0
2 < 2/M

M Odd
Cell parameter Ma
t0
1 � t0

2 � n1=M � �2n1 � 1�=2M � �2n1 � 1�=2M 6� �2n1 � 1�=2M
ÿt0

1 � t0
2 � n2=M � �2n2 � 1�=2M 6� �2n2 � 1�=2M � �2n2 � 1�=2M

Space group P�4 P21212 P21 P21

Independent ranges 0 � t0
1 < 1=M and 0 � t0

2 < 1=M

(n1, n2 are integers).

Figure 2
Variation in the numbers of (a) CaO6 arrays, (b) complete bundles, (c) octagons of bundles and (d) cocoon patterns
versus q. The arrows in each diagram indicate the observed range of q. The small irregularities on the curves are
caused by errors in the calculation of the average values. The longer axis of the cocoon is parallel to h100i in the
lower q value range and is parallel to h110i in the higher q range.
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fore the average numbers for the 100 different initial phases.

The numbers of the CaO6 arrays (Fig. 2a) are almost

constant in the whole range of the q values and amount to

28% of the total Ca sites in a 100a � 100a square. The

numbers of complete bundles composed of four CaO6 arrays

and a central array of CoO4 tetrahedra were then enumerated.

The number of complete bundles increases slightly with an

increase in q (Fig. 2b), that is, with a fall in temperature. The

numbers of the bundles indicate that 74±86% of the CaO6

arrays form bundles in the structures. This reveals that most of

the CaO6 arrays are arranged to form bundles and suggests

that in the modulated structures there should be a tendency to

form bundles. Then variations in the arrangements of bundles

were examined in the constructed structures and the common

features of the distribution of bundles were also detected. The

constructed structures showed that most of the bundles form

groups in the modulated

structures based on the

formation of octagonal

arrangements (octagons)

with sides �5=2�1=2
a ('

12.4 AÊ , where a is the edge

of the tetragonal basic

cell) or fragments of the

octagons lacking one or

more vertices. The most

prominent feature in a

wide range of q values is

the formation of complete

octagons of bundles. Fig.

2(c) indicates the numbers

of complete octagons

versus q values. The

numbers are markedly

high in the observed q

range and very low

outside of the range. The

curve shows the maximum

at q = 0.2935. Approxi-

mately 83% of the bundles

in a 100a � 100a square

are related to the forma-

tion of octagons at q =

0.2935. Some of the frag-

ments are linked and

indicate composite

patterns (such as a cocoon

and other complex forms)

in narrow ranges of q

values. A cocoon-like

arrangement, an inter-

penetrated form of two

incomplete octagons with

seven bundles, is one of

the typical composite

forms of octagons in the

observed q range (Fig. 2d).

This feature suggests that

the formation of the octa-

gons should be the most

prominent regularity

induced in the incommen-

surate phase and may

have a close relation to the

stability of the modulation

Figure 3
Schematic diagrams of the distribution of the complete bundles in the structures with q values from 0.285 to 0.301.
Initial phases (t0

1, t0
2) used are (0, 0) for the structures in the ®rst column, (1/400, 201/400) for the second column and

(21=2=10, 31=2=10) for the third column. The size of the area in each diagram corresponds to 100a � 100a.



period, which is incommensurable or commensurable to the

periodicity of the cell of the basic structure.

Five sets of diagrams of the structures constructed with

different q values and initial phases are depicted in Fig. 3 as

examples of incommensurate structures. Only complete

bundles are indicated with solid circles and the incomplete

bundles are not indicated in order to make the variation in the

arrangements clear. The initial phase of each diagram in the

®rst column is (0, 0) and gives P�4 as the space group. The

initial phases (t0
1, t0

2) selected for the structures in the second

column are set close to (0, 1/2) and give the different space

group (Pba2) from P�4. Each initial phase of the diagrams in

the third column is (21=2=10, 31=2=10) as an arbitrary one. The

constructions of the structures with various q values (0.285±

0.301 where �q = 0.004) display that the distribution of the

octagons of the bundles in the structure changes sensitively

with a small deviation of q values (ca 1.4% of the magnitude of

q). A non-periodic distribution is generally formed in the

structures with irrational q values.2 At q = 0.285, the octagons

and cocoons are the main components of the structure. The

diagram with q = 0.301 consists of the same components as

those in the structure at q = 0.285. The long axes of cocoons

are parallel to h110i of the basic cell in the former, while they

are parallel to h100i in the latter. Most of the octagons form a

wide band structure (almost 350 AÊ in width) parallel to h100i
in the structure of q = 0.285. The similar bands in the structure

of q = 0.301 are 210 AÊ in width. The structures with q = 0.289

and q = 0.297 also have pseudo-periods with almost the same

width at � 210 AÊ . Bands consisting of octagons and cocoons

form a pseudo-periodic arrangement in each diagram. The

directions of the bands are parallel to h100i in the former and

h110i in the latter. The diagram with q = 0.293 shows different

features from the other structures and indicates the octagonal

arrangements of the octagons. White streaks intersecting each

other with angles of integral multiples of 45� are distinct.

Regular arrangements of the octagons are formed with

rational q values (e.g. q = 2/7, 3/10). In the structures with q =

0.2857 (� 2/7) and 0.3 (= 3/10), all octagons are distributed at

the lattice points of their large tetragonal primitive lattices

with almost the same size (the periods of the lattice are ca

55 AÊ , Fig. 4). The lattice is parallel to h100i of the basic cell in

the structure with q = 0.2857, but the lattice is parallel to h110i
in the structure with q = 0.3. The structures constructed with

the other initial phases (also discussed in x4) show different

features from those indicated in Fig. 4. The similarity of both

structures and the difference between their orientations can

be ascribed to almost the same but opposite deviations from

the special q value (q � 1ÿ 1=21=2), giving the `regular-

octagon' distribution of satellite re¯ections. These features are

derived from the apparent symmetry of their lattices (tetra-

gonal) and the property of the two-dimensional modulation.

The method was also applied to the construction of struc-

tures with q = 1/3. The transition between the incommensurate

and commensurate phases may be regarded as a change in the

structure but keeping their averaged structures unchanged,

because the apparent space groups and intensity distributions

observed in the main re¯ections for both phases are the same.

This also implies that a commensurate structure may be

described in (3 + 2)-dimensional space as a variable of the

incommensurately modulated structures having a rational q

value (q = 1/3) and, therefore, the structure of the commen-

surate phase in three-dimensional space may be constructed

by the same method as applied to the incommensurate phase.

The commensurate structure (orthorhombic, P21212) was

determined with the initial parameters derived by the present

method (Hagiya et al., 2001). The numbers of CaO6 polyhedra,

bundles and octagons were enumerated in the commensurate

structures constructed with various initial phases. The ratio of

the number of CaO6 arrays to the total number of Ca sites in a

3a � 3a square varies from 16.7 to 44.4% and the ratio of the

number of CaO6 arrays forming complete bundles to that of

the total CaO6 arrays changes from 50 to 100%. The

commensurate structure (P21212) is the structure with

maximum values (44.4 and 100%, respectively), while these

two values are low in the P�4 structure (22.2 and 50%,

respectively). A number of structures with q = 1/3 were

constructed with other arbitrary initial phases and they show

various arrangements of the bundles. Almost all have low

symmetry such as P1.

4. Discussion

The structure change in Ca2CoSi2O7 related to the variation of

q (between 0.27 and 0.32, and 1/3) has been clari®ed by the

construction of the structures with their q values and the

modulation amplitudes determined at 293 K. The structures

are characterized by the distribution of complete bundles

formed with four CaO6 arrays and an array of CoO4 along the

c axis. Many bundles are arranged octagonally (form octa-

gons) in the observed range of q values. Although the
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Figure 4
Schematic diagrams of the commensurate structures constructed with q =
2/7 and 3/10. Both structures constructed with initial phases (t0

1, t0
2) at (0,

0) are indicated in the ®rst column. The initial phases of the second
column are (0, 1/2) for q = 2/7 and (1/20, 11/20) for q = 3/10. Both
structures in the third column are constructed with (21=2=10, 31=2=10). The
size of the area in each diagram corresponds to 100a � 100a.

2 Irrationals cannot be accurately expressed on a digital computer. The q
values indicated in Fig. 2 as irrationals are therefore all rational in the strict
sense. The constructed structures should reveal the features in the structures
with irrational q, because they have very large periods.
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formation of octagons is the most remarkable feature in the

incommensurate phase, direct imaging of the octagons in

Ca2CoSi2O7 by HRTEM has not been reported so far.

However, Heurck et al. (1992) observed many octagons in the

HRTEM images of Ca2ZnGe2O7. Fig. 14 of their paper indi-

cates one of the octagons with eight dots. The four bright spots

surrounding each dot may be the four arrays of the CaO6

polyhedra in a bundle. Those octagons probably correspond to

the octagonal arrangement of the bundles found in

Ca2CoSi2O7, although some of the constituent atoms are

different. Various large-scale regularities (the octagons, the

cocoons, the octagonal arrangements of the octagons and the

pseudo-periods) are formed from different arrangements of

the bundles, as shown in Fig. 3, and the regularities are

sensitive to changes in q values. The sizes of those large-scale

regularities are much larger than the modulation wavelengths.

The selection of an initial phase (t0
1, t0

2) is very important in

the construction of the commensurate structure. Since each

parameter of the atoms in the (3 + 2)-dimensional space is

represented in a repeating unit spanned by the two internal

phases t1 and t2 [to be denoted as `the (t1, t2) area'], the

complete structural information of an incommensurate phase

is enclosed in the whole continuous area of the (t1, t2) area.

However, information about a commensurate structure is

given only at speci®c positions (or phases) in the (t1, t2) area

owing to the commensurable relation between modulation

periods and the basic cell edges. For q = 1/3, complete infor-

mation on the structure is localized at discrete positions in the

(t1, t2) area separated with one third of the unit lengths of t1
and t2. This situation of the commensurate structures with a

short period has been discussed by van Smaalen (1987) using

examples in the (3 + 1)-dimensional space. The discreteness of

the structure information indicates that different relations

between the origins of the three-dimensional basic cell and the

(t1, t2) area may generate different structures and these

different structures correspond to different intersections of

the three-dimensional space in the (3 + 2)-dimensional space.

However, the incommensurate structures essentially include

the whole structures given by different initial phases.

The crystallographic features of the commensurate struc-

tures are given in Table 2. The orientations of the cell edges

depend on the denominator M from q = N/M and the space

groups of the constructed structures depend on the initial

phases. The structures with q = 2/7 and 3/10 are also

commensurate and constructions with different initial phases

give different structures. The structure (q = 2/7) constructed

with the initial phase (0, 1/2) (the second column in Fig. 4) is

quite different (orthorhombic) from that indicated in the ®rst

column. No octagon of the bundles are formed in it, but

cocoon patterns of bundles are formed. The apparent

symmetry of each diagram in the second and third columns is

high, but the true symmetry of the structure is given in Table 2.

The structure with an arbitrary initial phase, (21=2=10, 31=2=10),

gives a different feature of octagon distribution from that of

the ®rst column. The structure constructed with the initial

phases (0, 0) and (1/2, 1/2) are in a twin relation, and those

with (1/2, 0) and (0, 1/2) are also in a twin relation. The

structures of q = 3/10 constructed with the initial phases (0, 0),

(1/20, 11/20) and (21=2=10, 31=2=10) are also indicated in Fig. 4.

The structure of (1/20, 11/20) is again an orthorhombic one.

The structures constructed with (0, 0) and (1/2, 1/2), being the

same, are in a twin relation to those with (1/2, 0) and (0, 1/2).

The two commensurate structures (q = 1/3), P�4 and P21212,

are constructed with the modulation amplitudes determined at

293 K. The specimens with these two structures were synthe-

sized and the structures were determined (Riester et al., 2000;

Hagiya et al., 2001). This fact indicates that the change of the

modulated structure of Ca2CoSi2O7 with a variation of q can

be regarded as the systematic phase change of the modulation

waves induced by deformations of the (3 + 2)-dimensional cell

as assumed in x2. The symmetry of the transformed structure is

affected, in that case, by the choice of the initial phase (t0
1, t0

2)

of the modulation waves, as indicated in Table 2. The space

groups in the conventional three-dimensional space of both

structures, P�4 and P21212, are the maximal non-isomorphic

subgroups of the space group P�421m of the high-temperature

phase, as indicated in International Tables for Crystallography

(1989, Vol. A). Cmm2 is also one of the maximal non-

isomorphic subgroups, but this is not allowed for q = 1/3, q

with an odd denominator. The construction with q = 1/3

indicates that no mirror plane is in the structures.

The present method may be applicable to structural studies

on the materials whose structures do not change in (3 + d)-

dimensional spaces and the relative phase changes of the

modulation waves are induced by deformation of the (3 + d)-

dimensional cells.
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